E¢ cient semiparametric and parametric estimates are developed for a spatial autoregressive model, containing nonstochastic explanatory variables and innovations suspected to be non-normal. The main stress is on the case of distribution of unknown, nonparametric, form, where series nonparametric estimates of the score function are employed in adaptive estimates of parameters of interest. These estimates are as e¢ cient as ones based on a correct form, in particular they are more e¢ cient than pseudo-Gaussian maximum likelihood estimates at non-Gaussian distributions. Two di¤erent adaptive estimates are considered. One entails a stringent condition on the spatial weight matrix, and is suitable only when observations have substantially many "neighbours". The other adaptive estimate relaxes this requirement, at the expense of alternative conditions and possible computational expense. A Monte Carlo study of …nite sample performance is included.
Introduction
Spatial autoregressive models have proved a popular basis for statistical inference on spatial econometric data. Much of the spatial statistics literature has focussed on data recorded on a lattice, that is, it is regularly-spaced in two or more dimensions. This is an uncommon framework in economics, at best an approximation. Data recorded over geographical space are apt to be very irregularly spaced, for example when observations are across cities or towns, or aggregated on possibly contiguous regions, such as provinces or countries. A recent review of spatial econometrics is Arbia (2006) . A statistical model that adequately describes dependence as a function of geographic distance is apt to be complicated, especially in the second kind of situation, and derivation of rules of large sample statistical inference under plausible conditions di¢ cult; even for time series data, where there is a single dimension, inference in irregularlyspaced settings is not very well developed. On the other hand, cross-sectional correlation has been measured as a function of "economic distance", not necessarily in a geographic setting. Spatial autoregressive models are applicable in all these circumstances.
We wish to model an n 1 vector of observations y = (y 1 ; :::; y n ) T , on a scalar variate y i , T indicating transposition. We have an n k matrix of constants X = (x 1 ; :::; x n )
T , x i being a k 1 vector, where k 1. Let " = (" 1 ; :::; " n )
T be an n 1 vector of unobservable random variables, that are independent and identically distributed (iid) with zero mean and unit variance. Let l n be the n 1 vector (1; :::; 1) T . Finally, let W be a given n n "weight" matrix, having zero diagonal elements and being row-normalized such that elements of each row sum to 1, so W l n = l n : (1.1)
We assume that, for some scalars 0 , 0 and 0 , and some k 1 vector 0 , y = 0 l n + 0 W y + X 0 + 0 ": (1.2)
Here, 0 and 0 > 0 are unknown nuisance parameters, representing intercept and scale respectively: they can be estimated, but our focus is on estimating 0 = ( 0 ; T 0 ) T , where 0 2 ( 1; 1) and 0 is non-null. It is taken for granted that no restrictions link 0 ; 0 and 0 . The matrix (l n ; X) is assumed to have full column rank for su¢ ciently large n, k 1 implying at least one non-intercept regressor.
The practitioner must choose W . In view of (1.1), we can de…ne it in terms of an underlying non-negative inverse "distance" measure d ij such that W has (i; j)-th element
(1.3) However, the "distance" terminology is not taken to imply that W is necessarily a symmetric matrix. Though we have mostly suppressed reference to the data size n for concise notation, the row-normalization of W implies that as n ! 1, y must be treated like a triangular array. In recent years considerable progress has been made in the econometric literature on developing asymptotic properties of various estimates for (1.2). The ordinary least squares (OLS) estimate of 0 in (1.2) (with 0 unknown) is generally inconsistent, because, for each i, the i-th element of W y is correlated with " i , contrasting with the corresponding classical dynamic time series model. In case of multilateral autoregressive models on a lattice, Whittle (1954) corrected the problem by using Gaussian maximum likelihood (ML) estimation. Correspondingly, Lee (2004) has established n 1 2 -consistency and asymptotic normality and e¢ ciency of Gaussian ML in (1.2). An alternative, if generally sub-optimal solution, is instrumental variables, justi…ed by Prucha (1998, 1999) , Lee (2003) , Kelejian, Prucha and Yuzefovich (2003) . On the other hand, returning to OLS, Lee (2002) noticed that this can still be consistent, and even n 1 2 -consistent and asymptotically normal and e¢ cient, under suitable conditions on W . In particular, he showed that consistency is possible if the d ij in (1.3) are uniformly bounded and the P n j=1 d ij tend to in…nity with n, and n 1 2 -consistent if the latter sums tend to in…nity faster than n 1 2 . This can be simply illustrated in terms of a W employed in an empirical example of Case (1992) , and stressed by Lee (2002) . Data are recorded across p districts, in each of which are q farmers. Independence between farmers in di¤erent districts is assumed, and neighbours at each farm within a district are given equal weight. Due to (1.1) we have
In this setting, OLS is consistent if q ! 1; as n ! 1; (1.5) and n 1 2 -consistent if q=p ! 1 as n ! 1: (1.6) Lee (2004) , on the other hand, interpreted his procedure not just as ML under Gaussianity, but also pseudo-ML under departures from Gaussianity, as has been done in many other settings. However, though n 1 2 -consistency and asymptotic normality is still relevant, asymptotic e¢ ciency is not. When datasets are not very large, precision is important, and since there is often reason not to take Gaussianity seriously, it is desirable to develop estimates which are e¢ cient in non-Gaussian populations.
As typically in time series models, building a non-Gaussian likelihood is most easily approached by introducing a non-normal distribution for the iid " i in (1.2) (for example a Student-t distribution). Such a distribution may also involve unknown nuisance parameters, to be estimated alongside the original ones. We present limit distributional results for one-step Newton approximations to ML estimates in this case. However, there is rarely a strong reason for picking a particular parametric form for the underlying innovation density, and if this is mis-speci…ed not only would the estimates not be asymptotically e¢ cient (or necessarily more e¢ cient than the Gaussian pseudo-ML estimates of Lee (2004) ), but in some cases they may actually be inconsistent. As in other statistical problems, these drawbacks, as well as possible computational complications, do much to explain the popularity of Gaussian pseudo-ML procedures, and approximations to them.
On the other hand, the ability to "adapt" to distribution of unknown form is well-established in a number of other statistical and econometric models. Here the density f of " i in (1.2) is nonparametric, so (1.2) is a semiparametric model; f is estimated by smoothing, and a suitable implementation provides parameter estimates that are n 1 2 -consistent and normal, and asymptotically as e¢ cient as ones based on a correctly parameterized f . This was demonstrated by Stone (1975) , for the simple location model with iid data, and then by Bickel (1982) , Newey (1988) for regression models with iid errors, and by other authors in various other models. ("Partially" adaptive estimates have been considered by P½ otscher and Pruscha (1986), for example.) The main focus of the present paper is to develop e¢ cient estimates of the vector 0 in (1.2). The ability to adapt in (1.2) is not guaranteed. Our …rst result requires similar conditions on W to those Lee (2002) imposed in showing n 1 2 -consistency of OLS (i.e. (1.6) in case (1.4)). Our second result employs a bias-reduced estimate that, in case (1.4), requires only (1.5), though either W has also to be symmetric (as in (1.4)) or " i has to be symmetrically distributed.
Our e¢ cient estimates of 0 are described in the following section. Regularity conditions and theorem statements are presented in Section 3. Section 4 consists of a Monte Carlo study of …nite sample behaviour. Proofs are left to appendices.
E¢ cient Estimates
It is possible to write down an objective function that is a form of likelihood, employing a smoothed nonparametric estimate of the density f of the " i . However, not only is this liable to be computationally challenging to optimize, but derivation of asymptotic properties would be a lengthy business since, as is common with implicitly-de…ned extremum estimation, proof of n 1 2 -consistency and asymptotic normality has to be preceded by a consistency proof. The latter can be by-passed by the familiar routine of taking one Newton-type iterative step, based on the aforementioned "likelihood", from an initial n 1 2 -consistent estimate. This strategy is followed virtually uniformly in the adaptive estimation literature.
It leads to the need to nonparametrically estimate not f (s), but the score function
where throughout the paper the prime denotes di¤erentiation. The bulk of work on adaptive estimation uses kernel estimates of f and f 0 . Kernel estimation is very familiar in econometrics, and can have important advantages. However, separate estimation of f and f 0 is necessary, and the resulting estimate of is somewhat cumbersome.
More seriously, since f is liable to become small, use of an estimate in the denominator of (2.1) is liable to cause instability. It also causes technical di¢ culty, and typically some form of trimming is introduced. This requires introduction of a user-chosen trimming number, itself a disincentive to the practitioner. In addition, kernel-based adaptive estimates have, for technical reasons, featured sample-splitting (use of one part of the sample in the nonparametric estimation, and the other for the …nal parametric estimation) which is wasteful of data and introduces a further ambiguity, as well as the arti…cial device of discretizing the initial parameter estimate.
These drawbacks are overcome by series estimation of , as proposed by Beran (1976) in a time series autoregressive setting. Let `( s),`= 1; 2; :::, be a sequence of smooth functions. For some user-chosen integer L 1, where L = L n will be regarded as increasing slowly with n, de…ne the vectors
Consider for (s) …rst the parametric form
where a (L) = (a 1 ; :::; a L ) T is a vector with unknown elements. The meancorrection in (2.2) imposes the restriction E f (" i )g = 0. Under mild conditions on f , integration-by-parts allows a (L) to be identi…ed by
Given a vector of observable proxies" = (" 1 ; :::
, where, for a generic vector q = (q 1 ; ::
is a proxy for (" i ), and is inserted in the Newton step for estimating the unknown parameters.
However, Beran's (1976) asymptotic theory assumed that, for the chosen L, (2.3) correctly speci…es (s). This amounts almost to a parametric assumption on f : indeed, for L = 1 and 1 (s) = s, (2.3) is just the score function for the standard normal distribution. Newey (1988) considerably developed the theory by allowing L to go to in…nity slowly with n, so that the right hand side of (2.3) approximates (an in…nite series representation of) (s). In regression with independent cross-sectional observations he established analogous adaptivity results to those of Bickel (1982) , using kernel estimation of . Robinson (2005) developed Newey's (1988) asymptotic theory further, in the context of stationary and nonstationary fractional time series models. In the asymptotic theory, L can be regarded as a smoothing number analogous to that used in a kernel approach, but no other user-chosen numbers or arbitrary constructions are required in the series approach, where indeed some regularity conditions are a little weaker than those in the kernel-based literature.
We follow the series estimation approach here, and for ease of reference mainly follow the notation of Robinson (2005) . Consider the n 1 vector e( ) = (e 1 ( ); :::; e n ( )) T = (I W )y X ; (2.10) for = ;
T T
, and any scalar and k 1 vector . From (1.2)
Accordingly, given an initial estimate~ of 0 , consider as a proxy for the vector 0 " the vector E(~ ), where
(2.13) Thus our proxy" for " is given bỹ
We …nd it convenient to write~ iL =~ iL (~ ;~ ); (2.15)
Now introduce the (k + 1) n matrix of derivatives
for all : With e 0 i denoting the i-th column of e 0 write
and letĨ
soĨ L (~ ;~ ) estimates the information measure
(There is a typographical error in the corresponding formula (2.2) of Robinson (2005) : " + " should be " ":) De…ne
so s L and r L di¤er only in their …rst element. Our second adaptive estimate of
Some practical issues are outstanding. One is choice of the functions `( s). As in Newey (1988), Robinson (2005) , we restrict to "polynomial" forms
for some chosen function (s). For example,
where the boundedness in (2.30) can help to reduce other technical assumptions. Next, the choice of L is discussed by Robinson (2005) ; asymptotic theory provides little guidance, delivering an upper bound on the rate at which L can increase with h, but no lower bound. Since the upper bound is only logarithmic in h, it seems that L should be far smaller than n. Discussion of~ is postponed to the following section. For completeness, we also consider the fully parametric case, where f (s; 0 ) is a prescribed parametric form for f (s), with 0 an unknown m 1 vector, on the basis of which de…ne b = arg min
and, with (s; ) = f(@=@s)f (s; )g =f (s; );
De…ne also
Our two parametric estimates arê
the second being a "bias-corrected" version of the …rst.
Asymptotic Normality and E¢ ciency
We introduce …rst the following regularity conditions.
Assumption 1: For all su¢ ciently large n, the weight matrix W has nonnegative elements that are uniformly of order O(1=h), where h = h n increases with n such that h=n and has zero diagonal, satis…es (1.1), and is such that the elements of l T n W and l T n S 1 are uniformly bounded, where S = I n 0 W .
Assumption 2: The elements of the x i are uniformly bounded constants, and the matrix
exists and is positive de…nite, where G = W S 1 .
Assumption 3:
The " i are iid with zero mean and unit variance, and probability density function f (s) that is di¤ erentiable, and
Assumption 4: `( s) satis…es (2.28), where (s) is strictly increasing and thrice di¤ erentiable and is such that, for some 0, K < 1,
where C is throughout a generic positive constant. Denote by = 1 + 2 1 2 l 2:414 and or (ii) > 0 for some ! > 0 the moment generating function E e tj"ij ! exists for some t > 0, and
or (iii) > 0, " i is almost surely bounded, and
Assumption 6: As n ! 1
The proof of the following theorem is left to Appendix A.
Theorem A Let (1.2) hold with 0 2 ( 1; 1), and let Assumptions 1-6 hold. Then as n ! 1
where the limit variance matrix is consistently estimated by ~ 2 =Ĩ L (~ ;~ ) nR 1 .
Remark 1 For the Gaussian pseudo-ML estimate, Lee (2004) …nds the limit variance matrix to be 2 1 . Since I 1,^ A achieves an e¢ ciency improvement over this when " i is non-Gaussian.
Remark 2 Various initial estimates satisfying Assumption 6 are available in the literature. This is the case under (3.1) if~ is OLS (see Lee, 2002) . Other possibilities are the Gaussian pseudo-ML estimate, and various IV estimates.
Remark 3 In view of Assumption 2, 0 cannot be null, so Theorem A cannot estimate 0 in the "pure" spatial autoregressive model without explanatory variables (cf. Lee (2004)). (Likewise we cannot extend (1.2) to allow " to be generated by a spatial autoregression with unknown autoregressive coe¢ cient.) Thus Theorem A does not provide a test of 0 = 0, though it can be used to test exclusion of a proper subset of the elements of x i . It can also be used to test the hypothesis of no spatial dependence, 0 = 0, and in this case the limit distribution in the Theorem is true even if (3.1) does not hold, indeed h can be regarded as …xed with respect to n, and so designs with only very few "neighbours" are covered. For non-Gaussian data, the tests provided by the Theorem are in general expected to be locally more powerful than ones based on existing estimates. Divergence of h is needed for information matrix blockdiagonality (Lee, 2004) , and the no-multicollinearity Assumption 2 is necessary for our results.
Remark 4 Assumption 1 is discussed by Lee (2002) . In case W is given by (1.4), h n q, so condition (3.1) is equivalent to (1.6), and the rest of Assumption 1 is satis…ed.
Remark 5 Assumptions 3 and 4 are taken from Robinson (2005) , where they are discussed. Assumption 5 is a modi…cation of Assumption A9 of Robinson (2005) . It di¤ers in part with respect to h replacing n 1 2 there and in this sense is slightly weaker than the latter assumption under our Assumption 6. Note that the proofs in Robinson (2005) are harder with respect to the (long range) dependence there, while ours are harder with respect to the simultaneity, and these aspects in ‡uence the di¤erences between the conditions in the two articles. The main implication of Assumption 5 is that if we choose bounded then a fourth moment condition on " i su¢ ces, with a relatively mild upper bound restriction on the rate of increase of L (see (i)). For unbounded , we have a choice between moment generating function (ii) and boundedness (iii) requirements on " i , where the condition on L is weaker in the latter case, but still stronger than that of (i) of Assumption 5. Remark 6 It would be possible to obtain analogous results for a non-linear regression extension of (1.2), in which the elements of X 0 are replaced by the nonlinear-in-0 functions g(x i ; 0 ), i = 1; :::; n, where g is a smooth function of known form. With respect to the initial estimate~ it would seem that non-linear least squares can be shown to satisfy Assumption 6 under (3.1), by extending the arguments of Lee (2002) .
Remark 7
In practice further iteration of (2.25) may be desirable. This would not change the limit distribution, but can improve higher-order e¢ ciency (Robinson, 1988) .
By far the most potentially restrictive of the conditions underlying Theorem A is (3.1) of Assumption 1. It is never really possible to assess relevance of an asymptotic condition such as this to a given, …nite, data set. However, if, in the simple case where W is given by (1.4), q is small relative to p, one expects that A may be seriously biased, and the normal approximation poor; the same will be true of OLS.
Results of Lee (2004) on the Gaussian pseudo-MLE hint at how it may be possible to relax (3.1). To best see this we temporarily modify the model (1.2) to
If an intercept is allowed, as in (1.2), then l n is a column of Z, Z = (l n ; X),
But it is also possible that no intercept is allowed, unlike in (1.2), in which case Z = X and 0 = 0 (and 0 = 0). The form (3.12) is the most usual in the literature. Lee (2004) shows the Gaussian pseudo-MLÊ
T is n 1 2 -consistent and asymptotically normal, under mild conditions that do not even require that h n diverge (i.e. in (1.4), q can remain …xed). However, even under Gaussianity,^ and^ 2 are not independent in the limit distribution if h n does not diverge, suggesting that adaptive estimation of 0 ; 0 is not possible in this scenario. Lee (2004) …nds, however, that the limit covariance matrix of^ simpli…es when h ! 1; as n ! 1; (3.13) (i.e. (1.5) under (1.4)). His formulae indicate that ^ ;^ T T and^ 2 will then be asymptotically independent if E "
. This is true if " i is normally distributed, and somewhat more generally, e.g. if " i is symmetrically distributed. Reverting now to our model (1.2) and
where H = I n l n l T n =n. The latter limit always holds (since l T n H = 0), indeed the left-hand side is null for all n: The …rst limit holds if W is symmetric (because (1.1) then implies l T n W = l T n ), and again the left hand side is zero for all n. (Such symmetry obtains in (1.4) .) Thus if we focus on 0 and slope parameters only, their estimates are independent of^ 2 more generally than Lee (2004) claims, to enhance further the value of his results.
These observations suggest that if we incorporate in our semiparametric likelihood a Jacobian factor det fI n W g, the consequent adaptive estimate may achieve both su¢ cient bias-correction to enable relaxation of (3.1) to (3.13), and the information matrix block-diagonality necessary for adaptivity, when either W is symmetric or " i is symmetrically distributed (the moments E(" 3 i ) in the above discussion are replaced by E " i (" i )
2 . Essentially, the corresponding term tr
) is of order n=h, whence after n 1 2 norming a bias of order n 1 2 =h has been removed, and so Assumption 1 can be relaxed. However, we have not been able to avoid an additional requirement that the series approximation to (s) converges fast enough.
Under the conditions of Theorem A, the left side of (3.15) is o(1), which suf…ces there. This situation also obtains in (3.15) in the knife-edge case when h increases like n 1 2 , but when h = o(n 1 2 ) a rate of convergence is implied by Assumption 7. Since Assumption 5 heavily restricts the increase of L with n the rate implied by (3.15), as a function of L, may need to be fast, the more so the slower h increases.
For proof details of the following Theorem see Appendix B.
Theorem B Let (1.2) hold with 0 2 ( 1; 1), and let Assumptions 1-7 hold with (3.1) relaxed to (3.13), and let either W be symmetric or " i be symmetrically distributed. Then as n ! 1;
where the limit variance matrix is consistently estimated by
Remark 8 In general^ B can be expensive to compute because the second component of s L ( ; ) involves the inverse of an n n matrix. However, in some special cases it is very simple, e.g. in case W is given by (1.4), we have
Remark 9 We cannot use OLS for~ ,~ 2 if (3.1) does not hold. We can, however, use an IV estimate, such as those of Prucha (1998, 1999) , Lee (2003) , or the Gaussian pseudo-MLE of Lee (2004) .
Remark 10 As in other models, under symmetry of " i it is also possible to adapt with respect to the estimation of 0 in (1.2) (see e.g. Bickel (1982) ).
With respect to^ C and^ D we introduce the following additional assumptions.
Assumption 8: T is compact and is an interior point of T .
Assumption 9: For all 2 T f 0 g, f (s; ) 6 = f (s; 0 ) on a set of positive measure.
Assumption 10: In a neighbourhood N of 0 , log f (s; ) is thrice continuously di¤ erentiable in for all s and
where
represent partial derivatives of f with respect to the k-th, the k-th and`-th, and the k-th,`-th and m-th elements of , respectively. 
Theorem D Let (1.2) hold with 0 2 ( 1; 1); and let Assumptions 1-3 and 6-11 hold with (3.1) relaxed to (3.13), and let either W be symmetric or " i be symmetrically distributed. Then as n ! 1, n The proofs would require …rst an initial consistency proof for the implicitlyde…ned extremum estimate b , and are omitted because they combine elements of the proof of Theorem A with relatively standard arguments.
Remark 11
The Gaussian MLE can in general be expensive to compute due to the determinant factor, as discussed by Kelejian and Prucha (1999) . However, the limit distribution of this estimate is the same as that of^ C and^ D when these are based on f (s; ) = (2 ) 1=2 exp( s 2 =2); (s; ) = s: Indeed such^ D represents a Newton step to the Gaussian MLE.
Finite Sample Performance
The behaviour of our adaptive estimates in …nite sample sizes was examined in a small Monte Carlo study. The spatial weight matrix W given by (1.4) was employed, with three di¤erent choices of (p; q): (8,12), (11,18), (14,28). These correspond to n = 96, 198 and 392, and are intended to represent a slow approach to the asymptotic behaviour of (3.1). For each n, scalar explanatory variables x 1 ; :::; x n were generated as iid uniform (0; 1) observations, and then kept …xed throughout the study, to conform to the non-stochastic aspect of Assumption 2. The " i were generated from each of 5 distributions, each of which is presented with the respective asymptotic relative e¢ ciency (ARE) of the Gaussian MLE (i.e. The ARE was computed by numerical quadrature in cases (b) and (c), and from analytic formulae in the other cases. The distributions (a)-(e) are fairly standard choices in Monte Carlo studies of adaptive estimates. All are scaled to have variance 1, as in Assumption 3. Case (e) has …nite moments of degree 4 only. On each of 1000 replications, y was generated from (1.2) with 0 = 0, 0 = 1, choices (2.29) and (2.30) of (s) (respectively denoted "1" and "2" in the tables below), and for L = 1; 2; 4. We took~ to be OLS. Lee (2004) featured the design (1.4) in his Monte Carlo study of the Gaussian MLE. The two experiments are not closely comparable. He employed a wider range of n and x i , while restricting to Gaussian " i and a single 0 (0:5), and with no comparison with other estimates. Our study looks at relative e¢ ciency over a range of distributions, our examination of two values of 0 turns out to throw light on the bias issue, and we explore aspects of implementation which do not arise for his estimate. Nevertheless we shall have occasion to refer to his results, and make some remarks about computational issues prompted by both studies.
Monte Carlo bias, variance and mean squared error (MSE) were computed in each of the 2 2 2 3 3 5 = 360 cases. In view of the potential impact of bias, Table 1 reports Monte Carlo bias of both elements, e ; e ; of the initial estimate, OLS. For 0 = 0.4 the bias of e actually increases with n; suggesting that a faster increase of q=p would give better results here. For 0 = 0.8, biases for the smaller n are greater, they fall then rise with a slight net reduction. We will encounter some consequences of this bias on^ A and^ B : The bias of e is much smaller, a phenomenon found also for^ A and^ B ; and by Lee (2004) for his estimate.
( Table 1 about T with OLS for each of the distributions (b)-(e), covering all n; 0 ; L and : To conserve on space we have omitted the normal distribution (a) results. Here, one expects^ A to be worse than OLS for all L 1 when = (2.30), and to deteriorate with increasing L when = (2.29). This turned out to be the case, but though the ratios peaked at 1:4447 (in case of relative variance of b A for 0 = 0.8, n = 96; L = 2; = (2:30)); they were mostly less than 1:1: Note that for the other distributions the ratios of 1 when = (2.29) and L = 1 re ‡ect the identity^ A = e :
For the bimodal mixture normal distribution (b), though^ A is sometimes worse than e for small L; by L = 4 a clear, sometimes dramatic improvement was registered, especially in the MSE ratios, with the ARE being well approximated in case of b A . As the ARE calculations indicate, distribution (b) has the greatest potential for e¢ ciency improvement. Our Monte Carlo results for distributions (a)-(e) re ‡ect this, though ARE is nearly always over-estimated, in some cases considerably. Nevertheless, except for 0 = 0.8 (in relative variance Table 2 (Tables 6-7 about here) Clearly^ D , in particular a Newton approximation to the Gaussian MLE, will be similarly a¤ected, relative to^ C . Lee (2004) , in his Monte Carlo, used a search algorithm to compute the Gaussian MLE itself, thereby not risking contamination by an initial estimate. However, the larger n; and especially k; the more expensive this approach becomes, and it could prove prohibitive, especially when W leads to a less tractable det fI n W g than is the case with (1.4) (see Kelejian and Prucha (1999) . Iteration from an initial estimate may then be preferable (which brings us back to^ D ): On the other hand, the present paper has stressed ahievement of asymptotic e¢ ciency in a general setting, with a minimum of computation. In a given practical situation, this may not be the most relevant goal, and improvements might be desirable, perhaps especially to^ B and^ D ; by exercizing greater care in choice of e (possibly using one of the instrumental variables estimates in the literature), and continuing the iterations. This will incur greater computational expense, though updating of R does not arise. These and other issues might be examined in a subsequent, more thorough, Monte Carlo study. It is hoped that the present simulations have demonstrated that the computationally simple estimates^ A and^ B ; with their optimal asymptotic properties in a wide setting, o¤er su¢ cient promise to warrant such investigation and possible re…nement, and empirical application.
APPENDIX A: Proof of Theorem A By the mean value theorem
where S 1L and S 2L are respectively obtained from S 1L ( ; ) = (@=@ T )r L ( ; ) and S 2L ( ; ) = (@=@ )r L ( ; ) after evaluating each row at some (possibly different) , such that
o . In view of Assumptions 2 and 3, the proof consists of showing that
Notice that r L ( 0 ; 0 ) = r 1L + r 2L , due to E 0 = He
The proof of (A.9) is essentially as in Newey (1988, Theorem 2.3), Robinson (2005, Theorem 1) (the weaker conditions in the latter reference being re‡ected in Assumption 5). The only di¤erence is the triangular array structure in the …rst element of r 2L . This makes no real di¤erence to the proof that the~ iL ( 0 ; 0 ) can be replaced by the (" i ), whence n 1 2
2 0 I follows from a triangular-array central limit theorem (such as Lemma A.2 of Lee, 2002) .
To prove (A.8), write
3)) and 1 i is the ith column of I n De…ne
Thus write
For all i; j, Assumption 1 implies
uniformly. (Lee (2002, p.258) gives (A.25) for i = j.) It follows that t ijn = O p (h 1 ) uniformly. Then the absolute value of the …rst term on the right of (A.23) has expectation bounded by E 2 (" i )E"
, by the Schwarz inequality. The second term in (A.23) has mean zero and variance O(n=h). The proof of the latter statement is quickly obtained from that of Lemma A.1 of Lee (2002) , which covers P i P j " i " j t ijn : we can replace " i by (" i ), noting
(by integration-by-parts), as well as Assumption 3, and we omit "diagonal terms" i = j of Lee's (2002) statistic to negligible e¤ect, thus implying that we do not require E " 2 i (" i ) 2 < 1, which would correspond to his condition
The absolute value of the …rst term has expectation bounded by n E .28) again using the Schwarz inequality. The expectation in (A.28) remains …nite as L ! 1, indeed it tends to zero (see Freud, 1971, pp.77-79) , as is crucially used in the proof of (A.9) (see Newey (1988, p.329) ). Thus (A.28) = o(n=h). From Assumption 3, the second term of (A.27) has mean zero and variance
The …rst term is o P
also. We have shown that E(a 2 2 ) = o(n 2 =h 2 ), whence a 2 = o p (n 1 2 ) from Assumption 1.
Since P i t ijn = 0 for all …xed j, we have P i in = 0, and thence
As in Robinson (2005) , introduce the notation suppressing reference to C in uL . With k:k denoting (Euclidean) norm, the norm of the …rst term on the right of (A.32) has expectation bounded by
2 L ; (A.37) using Assumption 4, and then Lemma 9 of Robinson (2005) . The second term of (A.32) has zero mean vector and covariance matrix (A.38) which from earlier calculations has norm O n
It follows from Lemma 10 of Robinson (2005) that
(A.41) Suppose …rst Assumption 5(i) holds. It follows from (A.34) and (A.40) that
, as is true under (3.7). Now suppose Assumption 5(ii) holds. It follows from (A.35) that
which is o p (n 1 2 ) if lim inf (log h=L log L) > 4 =!, as is true under (3.8). Finally, suppose Assumption 5(iii) holds. It follows from (A.36) that
2 ) if (log h)=L ! 1, as is implied by (3.9). This completes the proof that a 3 = o p (n 1 2 ). Now write
By the mean value theorem, with " = n .47) using P i x in = 0 again. Proceeding much as before, and from Assumption 3, and (6.23) of Robinson (2005) 
2 (`+K) n=h . Using j" i j j" i j+j "j and the c r -inequality, and proceeding as in Robinson (2005 Robinson ( , p. 1822 ,
The Schwarz inequality gives .50) uniformly in i. From Lemma 9 of Robinson (2005) and the Schwarz inequality,
From Lemmas 10 and 19 of Robinson (2005) , the second term on the right of (A.45) is
2 L (A.55) using P i in = 0 again and (A.39). Thus from Lemma 19 of Robinson (2005) , the …rst term on the right of (A.45) is
Suppose Assumption 5(ii) holds. It follows from (A.54) and (A.56) that
under (3.7). If Assumption 5(ii) holds, .57) and this is o p (n 1 2 ) under (3.8) (the equality in (3.8) being used for the second term and the fact that 4 (! + 1)=! > 4 =! used for the …rst). Finally, under Assumption 5(iii),
The second term is o p (n 1 2 ) under (3.9) (using the equality) and since (3.9) implies L= log h ! 1, so is the …rst.
This completes the proof of (A.8), which is by far the most di¢ cult and distinctive part of the Theorem proofs, due both to the simultaneity problem and the n 1 2 normalization. We thus omit the proof of (A.2)-(A.7), of which indeed (A.4) is in Lee (2002) .
APPENDIX B: Proof of Theorem B
We rede…ne
. Now (B.1) has mean zero and variance 
2 ). The remainder of the proof of Theorem A applies, since it does not use (3.1) but rather (3.13), as well as Assumption 5, which is expressed in terms of h rather than n. 
